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We caiculate permeabilities for a class of granular porous media derived from a
real, disordered packing of equal spheres. The entire structure, including pore space,
of these media is completely specified by the radii and spatial locations of the
constituent grains. When geometric nearest neighbor grains are grouped together,
the structure may be subdivided into pore bodies and pore throats in a natural and
unambiguous way. From this subdivision we can establish a network of flow paths
whose geometry and topology are completely specified, so that permeability and
other transport coefficients can be calculated directly and without any adjustable
parameters. The calculations focus on processes that form porous media, rather
than on specific examples of such media. Hence, the approach is essentially pre-
dictive, rather than correlative. No additional measurements (such as capillary
pressure data or pore system data from thin sections) are required, and correlations
between permeability and other properties are not used. Predicted permeabilities
match measurements on sandstone samples similar to the model porous media studied
here over a wide range of porosity. Geometrical attributes of the network repre-
sentation of the pore space of the model media are found to be spatially correlated.
This departure from randomness significantly affects permeability. The agreement
between predictions and measurements suggests that spatial correlation is inherent
in granular porous media and that uncorrelated network models are therefore un-

likely to be physically representative of such media.

Introduction

The permeability of granular porous media is an important
property in a variety of applications, ranging from packed-
bed reactors to oil and gas production. Consequently, a number
of approaches have been employed to predict permeability and
to understand how it depends on the pore structure of granular
media. One popular approach is the network model (Fatt,
1956), in which the pore space is represented as a graph of
connected sites. A common interpretation of this graph is that
the sites correspond to pore bodies, and the bonds correspond
to pore throats connecting the pore bodies.

In principle, a network model can replicate both the ge-
ometry and topology of pore space, so that flow through the
network is equivalent to flow through the actual porous me-
dium. Direct replication, however, has proven elusive because
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the pore space in real granular media is complicated. Very few
measurements of pore dimensions on actual networks have
been attempted (Dullien and Dhawan, 1975; Lin and Cohen,
1982; Koplik et al., 1984; Yanuka et al., 1986; Wardlaw et
al., 1987). In practice, therefore, network models are usually
generated stochastically using frequency distributions of geo-
metric features such as pore throat radii.

The application of stochastic networks raises several diffi-
culties. First, such networks do not necessarily preserve the
spatial allocation of geometrical features in real media. This
is despite the fact that information on such allocation is often
implicit in the measurement used to obtain the frequency dis-
tributions, such as analysis of images of 2D sections (Ehrlich
et al., 1984; Doyen, 1988; Schlueter et al., 1990) or decon-
volution of saturation vs. capillary pressure data (Payatakes
etal., 1973; Mishra and Sharma, 1988; Spearing and Matthews,
1991). Furthermore, parameters such as pore lengths and net-
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work connectivity are difficult to measure, and frequently they
are assigned arbitrary values or treated as adjustable param-
eters. Thus, even if the calculated network permeability matches
the measured permeability for a particular medium, the net-
work does not necessarily replicate the pore space of the me-
dium. As a result, the network may not be appropriate for
studying transport properties other than permeability, such as
diffusivity or electrical conductivity. A too literal acceptance
of such networks may also lead to incorrect conclusions re-
garding the structure of pore space.

A particular disadvantage of stochastically generated net-
works is that the frequency distributions and any adjustable
parameters used are usually specific to one porous medium.
While measuring these distributions increases the understand-
ing of the particular sample, rigorous extrapolation of the
resulting network model to other porous media is rarely pos-
sible. This is a serious drawback if the goal is to predict prop-
erties of porous media when detailed measurements on samples
are not available or to understand how physical processes that
create porous media influence their properties. These goals can
have useful application in areas such as predicting permeability
and porosity in oil exploration and designing the properties of
packed beds or composite materials.

In this article, we present a new method of obtaining network
models of pore space in consolidated granular media. Starting
with a real, densely packed, unconsolidated collection of equal
spheres, we simulate the results of certain physical processes
that form consolidated porous media. The structure of the
simulated media is completely determined, so we can extract
network models directly from this structure. Transport prop-
erties such as permeability can then be calculated from the
networks in the usual way. This approach circumvents the
practical difficulties in obtaining detailed measurements of
pore space in particular samples, as well as the theoretical
difficulties in constructing a physically representative model
from such measurements. The power of this approach for
certain geological applications was previously demonstrated
by Roberts and Schwartz (1985) and Schwartz and Banavar
(1989). The present work was conceived and conducted in-
dependently and thus differs from previous work in several
important aspects, though the essential idea of focusing on
processes rather than objects is the same.

A process-based approach offers several advantages over
conventional approaches. First, the model porous media are
derived from areal, well-characterized, monodisperse granular
packing. Though idealized, they are physically representative.
This permits direct physical insight into the influence of various
factors on permeability. It also permits direct and independent
calculation of other transport properties such as diffusivity,
electrical conductivity, and relative permeabilities. Second, the
approach is physically rigorous. No adjustable parameters en-
ter the calculations. The geometry of the model determines all
pore space features, including parameters such as connectivity
that are difficult to measure in samples. Finally, the approach
is predictive, as opposed to correlative. This is because the
input data can be derived from knowledge of the processes
that formed the porous media. For the simple class of granular
media considered here, these data are minimal (porosity and,
if a length scale is required, grain size). No additional meas-
urements of any kind are required.

The rules for creating the class of granular media presented
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here are designed to simulate certain geological processes (grain
packing, compaction, and grain growth) involved in the for-
mation of sandstones. However, because our treatment focuses
on the results of these processes, rather than the detailed mech-
anisms that underly the processes, it is not limited to geological
applications. Indeed, analogous processes occur in diverse areas
such as sintering and hot-pressing (Lange and Kellett, 1989;
Fernandez et al., 1991; Sung et al., 1991), recrystallization
(Vandermeer et al., 1991), fabrication of composite materials
(Currier, 1990; Tai and Chou, 1990; Lange et al., 1991; Chung
et al., 1991), biological growth in soils (Taylor et al., 1990),
and fine particle filtration (De Cayeux et al., 1990; Rege and
Fogler, 1988). Grain growth/shrinking also occurs in a number
of fluid/solid reactions including gas desulfurization, disso-
lution/precipitation of solids by acid, coal gasification, and
catalyst deactivation (Yu and Sotirchos, 1987; Sotirchos and
Zarkanitis, 1989; Alvfors and Svedberg, 1992; see especially
the review by Sahimi et al., 1990).

We begin by describing the construction of a simple class
of porous media from a well-known dense random packing of
equal spheres. Next, we describe properties of these media
deduced from a faithful network representation of their pore
space. The predicted permeabilities are compared with pub-
lished measurements on some 200 samples of Fontainebleau
sandstone. Finally, we discuss physical insights obtained from
the model.

A Two-Parameter Class of Granular Porous Media

Figure 1 depicts three processes that contribute to the for-
mation of granular media: sedimentation, compaction, and
grain growth. Here, the term sedimentation means the accu-
mulation or creation of a close packing of grains. Compaction
means the mechanical compression of the packing, which re-
duces the bulk volume of the packing and causes the grains
to move relative to each other. The movements typically result
in grain interpenetration (by pressure solution, for example)
and/or deformation, but we assume that no grain fracturing
occurs. Grain growth causes the radii of the grains to increase
without changing the relative positions of the grain centers.
Grain growth may be viewed as the deposition of a film on
all available surface of the pore space, as would occur during
precipitation or crystallization of some cementing phases, for
example.

We simulate here only the results of these processes, not the
mechanisms by which the processes take place. This maintains
some generality in the treatment at the expense of being able
to relate process dynamics to macroscopic properties. For ex-
ample, we will be able to predict the permeability of a packing
after a given volume of material has been uniformly deposited
within the packing, but we will not be concerned with the
convection, diffusion and precipitation processes that may have
introduced the material into the packing.

Sedimentation

Our starting point is a dense random packing of equal
spheres. Finney (1968, 1970) constructed such a packing and
measured the spatial coordinates of the centers of some 8,000
spheres therein. This information completely specifies the ge-
ometry of both the grain space and the pore space. We are
aware of no other real, disordered granular medium for which
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Figure 1. Formation of a two-parameter class of granular
media.

(a) 2-D slice through a dense packing of equal spheres; (b) com-
paction (Eq. 1) forces spheres closer together and interpenetration
occurs; (c) grain growth (Eq. 2) increases the radii of all the
spheres.

a macroscopic volume has been so thoroughly characterized.
A dense random sphere pack is a reasonable idealization of a
sediment of sand grains in a wide spectrum of natural depo-
sitional environments. Such a packing may also be used to
represent a powder prior to sintering or pressing or a clean
filter medium.

Compaction

We consider compaction in one axial direction, for example,
as it occurs when a sand body is buried to depths of several
kilometers in the earth’s crust, or when powders are fused
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under axial confining pressure. Numerically this is equivalent
to rescaling one of the coordinate axes, x;, used for Finney’s
measurements by the formula:

where x; is an arbitrary reference value and A quantifies the
degree of compaction. (The Finney packing is isotropic, so the
choice of axis in Eq. 1 is arbitrary. In this article, we apply
Eq. 1 to the x; axis.) For our geological applications, a phys-
ically reasonable range for A is 0.7 <A< 1.0, corresponding to
a range of 30% to 0% decrease in bulk volume. The coordinate
transformation, Eq. 1, moves the sphere centers closer together
and thus causes individual sphere spaces to interpenetrate. For
simplicity, we assume that interpenetration causes no defor-
mation, so that the grains remain perfectly spherical. In effect,
this assumption is equivalent to pressure solution at grain con-
tacts. The volume of grain interpenetration (= pressure-dis-
solved material) can be exported from the packing, or it can
be redistributed in the packing, depending on the underlying
physical mechanisms of interest. In this article, we choose to
export the volume from the packing.

Grain growth

A variety of mechanisms can cause grains to grow. A geo-
logical example is quartz cementation. As pore fluid chemistry
evolves in a buried sand body, quartz may precipitate on grain
surfaces. The precipitated quartz often forms approximately
concentric rims on the sand grains. Other examples of grain
growth are relocation of material during sintering, deposition
of secondary material in a composite, adhesion of small par-
ticles to grains in a filter, and conversion of CaCO; to CaSO,
in gas desulfurization by limestone. To simulate grain growth,
we increase the radius of the spheres in the packing without
altering the location of the sphere centers:

R/=R,+AR 1))

where R, is the radius of the ith sphere. Although no funda-
mental difficulties arise if the grains grow by different incre-
ments, for simplicity we assume here that all grains grow
uniformly, that is, the same value of AR applies for all / in
Eq. 2. In many situations, this is a reasonable assumption, at
least at the length scale of our packing (~ 20 grain diameters).
Such uniform ‘‘grain consolidation’’ has been used to study
the effect of cementation on electrical conductivity of rocks
(Roberts and Schwartz, 1985; Schwartz and Kimminau, 1987).
The grain growth may be reversed (AR <0) to simulate proc-
esses such as coal gasification, acid dissolution of minerals,
or transfer of material from one grain to another, though we
do not show this here.

When applied to Finney’s measured sphere center coordi-
nates, Egs. 1 and 2 define a family of media involving two
parameters, AR and A. This class of granular media may also
be viewed as a special case of a dense collection of randomly
located overlapping spheres (Elam et al., 1984; Rubinstein and
Torquato, 1989). Such collections are effectively a one-param-
eter family (the one parameter being the degree of sphere
overlap permitted), and they can be readily created using com-
puters. However, it is not trivial to generate large numerical
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packings that reproduce the features of Finney’s real packing.
Also, it is somewhat more direct to simulate the distinct proc-
esses of grain growth and compaction with AR and A than
with the single parameter of permitted sphere overlap. For
these reasons, we prefer to use the Finney packing as the basis
for developing model porous media.

Properties of the Two-Parameter Class of Porous
Media

Permeability and porosity

Our calculation of permeability and porosity in this class of
granular media employs a network model of the pore space.
The details of the calculation for the case of the uncompacted,
uncemented Finney packing (AR=0, A=1) have been de-
scribed elsewhere (Bryant et al., 1993). Because the extension
to compacted/cemented packings is straightforward, only a
summary of the procedure is given in the Appendix. Two key
features emerge. First, no adjustable parameters enter the cal-
culations, and no supplementary measurements are required.
This is because the topology and geometry of the network
model are completely determined by the locations and radii of
the spheres in the packing. Thus, the network model faithfully
reproduces the actual pore space of the media. Second, the
network exhibits spatial correlation at the pore scale, and this
departure from randomness significantly influences macro-
scopic properties.

Figure 2 shows the permeability of this class of granular
media as a function of porosity for three cases: when only
compaction occurs, when only grain growth occurs, and when
20% compaction is followed by grain growth. Each curve
originates at ¢=0.362, the porosity of the original Finney
packing. The permeability of the original packing, denoted k,,
is used to normalize the permeabilities of the packings after
compaction and/or grain growth.

The compaction-only curve in Figure 2 is obtained by ap-
plying Eq. 1 to the sphere center coordinates of the original
Finney packing using different values of A\ from the range
0.5<A<1.0. Using A=1 does not change the relative sphere
locations and hence corresponds to the original Finney pack-
ing; decreasing A corresponds to moving left along the curve
in Figure 2. The sphere centers are forced closer together as
X\ decreases, but the sphere radii are constant and equal to
their original value. Permeability and porosity are calculated
as described in the Appendix for each value of A.

The grain-growth-only curve is obtained by applying Eq. 2
recursively with small increments AR. Using AR =0 does not
change the sphere size and hence corresponds to the original
Finney packing; adding positive increments AR to the sphere
size corresponds to moving left along the curve in Figure 2.
The sphere centers remain at their original locations during
grain growth. After each increment is added to the sphere radii,
the permeability and porosity are calculated. Grain growth was
halted slightly above the percolation threshold (see below),
when R/~ 1.26R,,.

The combined compaction/grain-growth curve in Figure 2
is intended to simulate the geological sequence of burying a
sediment, then introducing quartz cement. Thus, it follows the
compaction-only curve down to the permeability/porosity cor-
responding to 20% compaction (A=0.8), after which incre-
ments AR are successively added to the sphere radii.
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Figure 2. Although grain growth and compaction cor-
respond to different physical processes, they
produce remarkably similar permeability/po-
rosity trends.

The calculated permeabilities are normalized to k,, the permea-
bility in the original Finney packing before grain growth or com-
paction start. Because the pore space is spatially correlated at the
pore scale, random networks with the same topology and fre-
quency distribution of conductivities have significantly higher
permeabilities than the physically representative networks.

Although the mechanisms of compaction and grain growth
are obviously different, their permeability/porosity trends
nearly coincide. Curves for different degrees of compaction
followed by grain growth exhibit the same trend. From this
we conclude that the details of how compaction and grain
growth combine to yield a particular porosity are not critical
to determining the permeability in this simple class of porous
media. Thus, porosity can be used as a single independent
variable. This result perhaps would have been less surprising
had we chosen to characterize this class of media with a single
parameter (that is, the permitted degree of sphere overlap).
This relationship lends some credence to the engineering prac-
tice of cross-plotting permeability and porosity, despite the
fact that neither property is a simple function of the other in
conventional theoretical treatments. We emphasize, however,
that this result has been obtained in monodisperse media. We
suspect that the trends may not coincide if the original grains
are polydisperse.

Spatial correlation

The physical correspondence between a bond in the network
and a particular flow path in the packing is crucial. This is
because the hydraulic conductivities of the flow paths are found
to be spatially correlated: they are not distributed independ-
ently over the network. This is a fundamental problem for
advocates of stochastic models. In the original Finney packing,
flow paths that are very close to each other tend to have similar
conductivities (Bryant et al., 1993). A measure of the mac-
roscopic effect of this pore-scale correlation can be obtained
by comparison with uncorrelated networks having the same
topology and frequency distribution of conductivities. Such
networks are readily created by randomly reassigning the cal-
culated conductivities in the physically representative net-
works. When this procedure is carried out for the original
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Finney packing, the permeability of the network increases by

a factor of 2.
In packings that have undergone compaction and/or grain

growth, the effect of spatial correlation is magnified. We find
that the permeability of a network constructed directly from
the pore space of a compacted/cemented packing is always
smaller than the permeability of an uncorrelated network hav-
ing identical topology and frequency distribution of conduc-
tivities, as shown in Figure 2. The ratio of randomized network
permeability to physically representative network permeability
is 2 to 2.5 in lightly consolidated packings (porosity greater
than 0.25) and 10 to 30 in heavily consolidated packings (po-
rosity less than 0.075). This ratio diverges at the percolation
threshold for physically representative networks (porosity
~0.03) because uncorrelated networks remain conductive at
this point.

The selection of any method of identifying pore bodies in
real porous media must remain arbitrary. Even the physically
representative networks are merely convenient discretizations
of the real pore space. Nevertheless it seems likely that spatial
correlation is inherent in the packing rather than in the method
of obtaining a network representation. Hence, we conclude
that networks of independently distributed conductivities are
unlikely to be physically representative of the pore space in
granular media. A similar conclusion applies to networks of
arbitrarily correlated conductivities. These conclusions are
consistent with the results of Mason and Mellor (1991) for
capillary transport and the results of Roberts and Schwartz
(1985) for electrical transport.

Percolation

As porosity decreases due to compaction and grain growth,
pore throats eventually become completely blocked, as shown
in Figure 3. The blocking of pore throats introduces the phe-
nomenon of bond percolation. As our networks are roughly
spherical, it is convenient (but not rigorous) to associate bond
percolation with the existence of a connected path between the
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Figure 3. As \ decreases (increasing the degree of com-
paction) and A R increases (increasing the de-
gree of grain growth), the porosity of the sphere
packing decreases.

When the porosity reaches about 0.10, the smaller pore throats
in the sphere packing become blocked. The percolation threshold
occurs at a porosity of around 0.03 when 50% of the pore throats
are blocked.
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central site in the network and the external boundary of the
network. The threshold of percolation thus defined occurs at
about 3% porosity, and at the threshold we find that 50% of
the pore throats are blocked. These values agree with thresholds
in the directions of the coordinate axes obtained (for grain
growth only) by Roberts and Schwartz (1985) in a larger subset
of Finney’s packing. The porosity at the threshold also agrees
with the value found for collections of overlapping randomly
located spheres (Elam et al., 1984).

The fraction of blocked throats at the percolation threshold
is significantly smaller than the value expected in random 3-
D lattices of coordination four. If we block throats in our
network randomly, rather than by simulating compaction/
grain growth, we reach the percolation threshold when 61%
of the throats are blocked. This value is the same as that for
a random diamond lattice (Ripley, 1981). Topological corre-
lation cannot account for the different thresholds, since the
network representations of our model media are topologically
disordered. Hence the difference between the threshold for our
media and for random networks is another manifestation of
pore scale spatial correlation in the media (Roberts and
Schwartz, 1985; Mason and Mellor, 1991).

Comparison of Predictions with Measurements

The Fontainebleau sandstone is essentially pure quartz and
is quarried near Paris in the Ile de France area. The distribution
of grain sizes in this Oligocene rock is quite narrow, and the
average grain size is nearly constant across the outcrop. How-
ever, the extent of quartz cementation in the outcrop varies
widely, so that porosity and permeability vary widely as well.
Because quartz cementation is reasonably approximated by
uniform grain growth, this rock is comparable to the model
granular media described above. It, therefore, provides a con-
venient test of the network representations of these model
media.

Permeability has units of (length)?, so comparison of the
predictions presented above with measurements introduces a
length scale. The natural length scale in our model is R, the
initial radius of the spheres in the Finney packing. In terms
of geological processes, this initial sphere radius corresponds
to the average grain size in the sediment prior to compaction
and quartz cementation. The grain size of the sediment pre-
cursor of the Fontainebleau sandstone can be inferred from
sieve analysis and examination of thin sections to distinguish
cement overgrowths from original grains; the average grain
size is found to be 200 pm.

Using this grain size, the model matches the permeability/
porosity trend of 240 samples reported by Bourbie and Zinszner
(1985), Figure 4. Though the permeabilities span nearly five
orders of magnitude, the average error is only 49%. Most of
this error occurs in low-porosity samples: the average error
for samples of porosity <0.05 is 100%, while the average error
for samples of porosity >0.05 is 23%. Minor scatter is ob-
served among samples of the same porosity. This scatter and
the discrepancies between the predictions and measurements
can be attributed to the fact that the rock grains are not spher-
ical and exhibit a variable (though narrow) distribution of sizes,
rather than a single size. In particular, samples having low
porosity tend to have original grain sizes smaller than 200 pym,
accounting for our overestimation of permeability in some of
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Figure 4. Comparison of permeability/porosity trend
predicted by the model with measurements
on samples of Fontainebleau sandstone re-
ported by Bourbie and Zinszner (1985).

The agreement is obtained without adjustable parameters and
without correlations involving additional measurements.

these samples. We emphasize that despite this, agreement over
the entire range of values is obtained without adjustable pa-
rameters and that no additional measurements were made on
any samples. The predictions are calculated exclusively from
the microgeometry of the model porous media, which in turn
is defined by simulated physical processes. In contrast, many
previous methods of predicting permeability using network
models would require detailed measurements (for example,
pore image analysis or mercury injection) of the pore structure
in many samples. The number of samples involved would make

this a lengthy project.

Because the network model is physically representative, it
affords useful physical insights. For example, consider the
change in the slope of the permeability/porosity trend at around
10% porosity. Bourbie and Zinszner (1985) observed that
permeability followed one power law relationship with poros-
ities exceeding 10%, but a different power law for porosities
less than 10%. They hypothesized that pore throat blocking
was responsible for the different relationships. Our model pro-
vides physical evidence in support of this hypothesis. As shown
in Figure 3, throat blocking becomes significant when com-
paction/grain growth reduces the porosity to around 10%. As
a result, more and more routes (sequences of individual flow
paths) for flow through the medium become disconnected as
porosity decreases below 10%. For porosity greater than 10%,
permeability declines primarily because compaction/cemen-
tation shrinks pore throats. For porosity less than 10%, throat
shrinking continues, but its effect is reinforced by the loss of
flow routes. Consequently, the permeability declines more rap-
idly. Because porosity measures all void space without regard
to connectivity, a single power law in porosity cannot fit the
permeability trend. For the same reason, the electrical con-
ductivity of the pore space of these media (the grains are
assumed to be insulators) exhibits a similar though less pro-
nounced effect (Roberts and Schwartz, 1985; Doyen, 1988).

Recall that the network model used here automatically in-
corporates spatial correlation at the pore scale. If we instead

392 March 1993 Vol. 39, Ne. 3

use only the frequency distribution of conductivities, as in an
effective medium theory or stochastic network calculation of
permeability, the predictions uniformly overestimate the meas-
urements (cf. Figure 2). The average error in predictions made
from uncorrelated (that is, randomized) networks having the
correct frequency distribution of conductivities is 6,995% in
samples having porosity <0.05 and 488% in samples having
porosity >0.05. The size of the error for low-porosity samples
reflects the fact that the randomized networks continue to
percolate beyond the threshold of the physically representative
networks. The error in predictions made from effective me-
dium theory is 286%. This error is smaller than that of the
random networks because the effective conductivity tracks
permeability correctly near the percolation threshold (porosity
~0.03). This is a fortuitous consequence of the fact that 50%
of the pore throats are blocked at the percolation threshold in
the physically representative networks. (The effective medium
conductivity in an uncorrelated four-connected network van-
ishes when half the bonds are blocked, even though such a
network continues to percolate until about 61% of the bonds
are blocked.) The predictions obtained from uncorrelated fre-
quency distributions of conductivities are significantly worse
than predictions from the physically representative networks.
The agreement with the spatially correlated model supports
our assertion that spatial correlation is inherent in granular
porous media.

Discussion

These results indicate that direct simulation of the results
of physical processes is a powerful method for predicting prop-
erties of the media created by those processes. An obvious
question is how far this approach can be extended. We have
simulated other geological phenomena such as precipitation
of carbonate minerals and certain clay minerals and found
good agreement with measurements. However, when the sed-
iment contains a wide distribution of grain sizes, our method
of obtaining a network representation is not well suited to
defining pore throats for fluid flow. The same difficulty arises
when calculating electrical conductivity (Schwartz and Bana-
var, 1989). We are developing alternative methods for this
case.

It seems probable that more complex natural systems (such
as most sedimentary rocks) would exhibit even more spatial
correlation than the simple model porous media considered
here. This is because our starting point is an isotropic collection
of isotropic particles (spheres). Real sediments are deposited
under anisotropic fields (such as gravity) and are composed
of anisotropic particles. The location and the orientation of
such particles will be influenced by the location and orientation
of neighboring particles in the sediment, as well as by the
directions of the fields. Network models that account for spa-
tial correlation would be more representative of the pore space
in such media and thus could provide better physical insight
into transport through the media.

Since the structure of the model porous media is completely
specified, other structure-dependent properties such as relative
permeability (Bryant and Blunt, 1992), acoustic velocity, dif-
fusivity and pore-space electrical conductivity can be calculated
directly and independently. We have also applied the method
of Mason and Mellor (1991) to simulate mercury porosimetry
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in this class of media. The results agree both quantitatively
and qualitatively with measurements reported by Bourbie and
Zinszner. The results of the electrical calculations agree with
those of Roberts and Schwartz (1985); the procedures differ
in that we do not use any ‘‘free scaling parameter.’’ Qur pre-
diction of acoustic velocity circumvents the long-standing
problems of measuring frame moduli and pore aspect ratio
distributions. We will describe such calculations in future pub-
lications.

Conclusions

We have simulated the results of processes that create a
simple two-parameter class of porous media. The processes
are sedimentation (creation of a dense, disordered packing of
monodisperse grains), compaction (reduction of the bulk vol-
ume of the packing by mechanical compression), and grain
growth (increase in grain radii without moving grain centers).
The simulation is carried out so as to yield physically repre-
sentative models whose structures are completely specified.
Network models that preserve the topology and geometry of
the pore space are then extracted from these structures. These
models permit direct calculation of transport through the po-
rous media over a range of degrees of compaction and grain
growth.

Permeability predictions from the models match measure-
ments on Fontainebleau sandstone samples whose permeabil-
ities span nearly five orders of magnitude. No adjustable
parameters enter the permeability calculation. No additional
measurements, such as mercury porosimetry or thin section
analysis, are necessary. No correlations between permeability
and other properties are used.

The geometry of the pore space in this class of granular
media is spatially correlated at the pore scale. This departure
from independent statistics significantly influences permea-
bility, in accordance with previous results for other macro-
scopic properties (electrical conductivity, percolation
threshold). Artificially removing the correlation increases
permeability by as much as an order of magnitude. The success
of the model predictions indicaies that spatial correlation is
intrinsic to real granular media. Uncorrelated models of such
media are therefore unlikely to be physically representative.
We hold the suspicion that many natural systems are strongly
spatially correlated at the pore scale.
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Notation
g; = hydraulic conductivity of a flow path between adjacent sites
iandj
k = permeability of porous medium or network
ko, = permeability of network representation of Finney’s original
packing
P; = pressure in network site /
{P) = average pressure at radial distance r from the center of the
network
q; = flux through the flow path between adjacent sites i/ and j
= steady-state flow rate through network
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radial distance from center of network

effective radius of a flow path between adjacent cells
equivalent radius corresponding to the cylindrical tube whose
cross-section has the same area as the void in a cell face

rins = inscribed radius corresponding to the largest cylindrical tube
that will fit through the void area in a cell face

r
Teir

tonu

R; = radius of the ith sphere before incremental grain growth

R/ = radius of the ith sphere after incremental grain growth

R, = radius of a sphere in Finney’s original packing

x; = jth coordinate axis for Finney’s original measurements of
sphere center locations

x/ = rescaled jth coordinate axis

x,, = arbitrary reference value on jth coordinate axis

z = effective length of a flow path between adjacent cells

Greek letters

AR = parameter for increasing radii of spheres in packing to sim-
ulate grain growth
¢ = porosity
N = parameter for rescaling coordinate axis to simulate compac-
tion
pu = fluid viscosity
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Appendix: Network Model Representation of Pore
Space in Simple Granular Porous Media

The text describes the construction of consolidated porous
media from a real random packing of monodisperse spheres.
The media are characterized by the degree of compaction (A
in Eq. 1) and the extent of grain growth (AR in Eq. 2). Here
we describe the extraction of a network model of the pore
space in these media, from which we calculate permeability.
This discussion summarizes the essential features of more de-
tailed reports published elsewhere (Bryant et al., 1993; Mellor,
1989).
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Figure 5. A tetrahedral cell from a Delaunay tessellation
of sphere centers in a random dense packing.

The corners of the tetrahedron are the centers of four nearest
neighbor spheres. Prior to compaction and grain growth, the edges
of the cell must have lengths of at least 1.0 sphere diameters.
Because the spheres are disordered, rather than regularly packed,
the cell is irregular.

Defining pore bodies and pore throats

An unambiguous method of defining discrete pores within
the packing is required for each value of A and AR. We adopt
the method of Mellor (1989) and tessellate the packing volume
into tetrahedra known as Delaunay cells (Ripley, 1981). [Chu
and Ng (1989) used a similar tessellation to study wall effects
in flow through computer-generated packed tubes.] Delaunay
cells group nearest neighbor spheres together in the packing.
The centers of the nearest neighbor spheres define the corners
of a cell, as shown in Figure 5. (Four spheres are nearest
neighbors if the circumsphere defined by their four centers
does not encompass the center of any other sphere in the
packing).

The void area in a face of a cell in a sphere pack corresponds
to a local minimum in the cross-sectional area. Hence, in a
capillary drainage process such as mercury intrusion, the faces
control access to the interior of the cell. The faces, therefore,
correspond naturally to pore throats, while the cell interior
corresponds to a pore. Mason and Mellor (1991) took advan-
tage of this feature of the celis to study drainage and imbibition
in the Finney packing. Because the Delaunay cells subdivide
the packing volume completely and without overlap, the po-
rosity of the packing at any AR and \ is readily calculated as
the total void volume of the cells divided by the total cell
volume.

Network topology

The tessellation of the packing into tetrahedral cells can be
represented as a network of sites and bonds, as shown in Figure
6. The sites correspond to the cells themselves, and the bonds
are links between cells that share a common face. It is con-
venient to assign a spatial location to the sites, and the natural
choice for this location is the geometric center of the cell (that
is, the point equidistant from the centers of the four spheres
defining the cell). A bond then corresponds to the flow path
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Figure 6. Part of the network showing how several ad-
jacent cells in the tessellation of the sphere
packing are connected.

The sites represent cells (pores); the bonds link cells that share a
common face and thus correspond to pore throats (flow paths).
Every site has four bonds, a consequence of the fact that every
cell is a tetrahedron.

that connects the centers of adjacent cells. This path passes
through the common face shared by adjacent cells. In the
present work we use the central core of 3,367 spheres in Fin-
ney’s packing, from which a network of about 15,000 sites
and about 30,000 bonds is obtained.

Since each cell is a tetrahedron, the coordination number
of the network is constant: each site has four bonds. Thus,
the method of defining pores establishes a physical basis for
the network topology; the coordination number is not an ad-
justable parameter. Although the coordination number is uni-
form, the network itself is completely disordered; it exhibits
no regions of crystallinity (Roberts and Schwartz, 1985; Mel-
lor, 1989).

Network geometry

The geometry of each flow path (bond in the network) is
fixed by the geometry of the cells joined by the flow path.
Hence, we can calculate the hydraulic conductivity of each
flow path directly. The following is a summary of the pro-
cedure; a full description appeared in Bryant et al. (1993). In
analogy with the Hagen-Poiseuille law for tubes, the hydraulic
conductivity between cells / and j may be expressed as:

&ii=T reff4/8l"'z (AD)

where r; and z are the effective radius and length, respectively,
of the flow path, and y is fluid viscosity. The natural definition
for the length of a flow path is the distance between cell centers
joined by the path. In general, the flow paths have nonzero
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effective radii, so under this definition of path length the four
paths terminating at a cell center will overlap in the vicinity
of the cell center. This overlap causes the actual path lengths
to be double-counted and thus systematically underestimates
the true conductivity. It is straightforward to introduce a cor-
rection that largely eliminates the overlap and the associated
error in path conductivities.

In a packing of equal spheres, the effective radius of the
flow path is closely approximated by the mean of the inscribed
and equivalent radii in the cell face through which the path
passes:

Tetr = (rins + req)/2 (AZ)

The inscribed radius r;, is the radius of the largest cylindrical
tube that will fit through the cell face; the equivalent radius
I, is the radius of the cylindrical tube whose cross-section has
the same area as the void in the cell face. The cross-section of
a flow path varies with distance from the cell face, which
necessitates a correction to .. However, our principal interest
is the evolution of permeability during compaction and grain
growth. Thus, we will normalize permeability to its value in
the uncompacted, uncemented packing, which is 0.0027 (sphere
radii)® (Bryant et al., 1993). A check showed that the perme-
ability thus normalized is essentially independent of the cor-
rection for cross-sectional variation. Hence, we only have to
calculate the correction once (in the original Finney packing).

The effective radius and length of each path, and the al-
gorithms to correct them, depend exclusively on the sizes of
the cells joined by the path. The cell sizes in turn depend only
on Finney’s measured sphere center coordinates, so the con-
ductivities of the flow paths involve no adjustable parameters.

Flow through the network

The steady-state pressure distribution in the network follows
from the usual Kirchoff’s law considerations. Mass is not per-
mitted to accumulate at any site, and flow through a bond is
equal to the product of the bond conductivity and the pressure
drop between the sites (i and j) connected by the bond:

q:;=8i;(P;— P)) (A3)

The resulting set of equations is solved by Gauss-Seidel suc-
cessive overrelaxation. The permeability of the network follows
from the steady flow rate through the network. Because the
overall portion of Finney’s original pack that we use here is
roughly spherical, it is convenient to impose a spherically sym-
metric pressure gradient on the network. The spherical form
of Darcy’s law is given by:

pQ=4=x k d(P)/d(1/r) (Ad)

where p is the fluid viscosity, Q is the steady state flow rate
out of the packing, k is permeability, and (P) is the average
pressure of sites contained in a thin spherical shell of radius
r; the center of the shell coincides with the central site of the
network.

When the packing is numerically compacted in one direction,
it becomes anisotropic. The permeability in the compaction
direction exceeds the permeability in the transverse directions,
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because compaction reduces the lengths of flow paths aligned
with the direction of compaction and shrinks the radii of flow
paths aligned perpendicular to the compaction direction. This
result may surprise readers familiar with sandstones, in which
vertical permeability is often much smaller than horizontal
permeability. In such sandstones factors such as bedding, lam-
ination and anisotropic grains outweigh the effects observed
in our model media.

Our network calculation is carried out in a spherical subset
of the compacted packing and thus gives an average of the
directional permeabilities. In an extreme case (A=0.7), the
permeability in the direction of the axis of compaction is about
twice the permeability in the transverse directions. Our primary

concern is with geological permeability/porosity trends that
span several orders of magnitude, so for this purpose little
information is lost by using this average.

The series of calculations described above can be carried out
at any values of X\ and AR. The sphere center coordinates are
determined by Finney’s original measurements and Eq. 1, while
the sphere radii are determined by Eq. 2. This information
completely determines the tessellation into cells, which deter-
mines the topology and the geometry of the network of flow
paths.
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